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Lévy-type walks with correlated jumps, induced by the topology of the medium, are studied on a class of
one-dimensional deterministic graphs built from generalized Cantor and Smith-Volterra-Cantor sets. The par-
ticle performs a standard random walk on the sets but is also allowed to move ballistically throughout the
empty regions. Using scaling relations and the mapping onto the electric network problem, we obtain the exact
values of the scaling exponents for the asymptotic return probability, the resistivity, and the mean-square
displacement as a function of the topological parameters of the sets. Interestingly, the system undergoes a
transition from superdiffusive to diffusive behavior as a function of the filling of the fractal. The deterministic
topology also allows us to discuss the importance of the choice of the initial condition. In particular, we
demonstrate that local and average measurements can display different asymptotic behavior. The analytic
results are compared to the numerical solution of the master equation of the process.
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I. INTRODUCTION

Stochastic processes characterized by Lévy walks are rel-
evant in many physical phenomena ranging from condensed
matter, biological systems, and ecology to transport in turbu-
lent fluids and in porous media. In recent years, there has
been a growing interest in the field �see Ref. �1� for a recent
overview�. However, direct comparison of theoretical predic-
tions to experimental data in fully controlled experimental
conditions is often unfeasible. As a matter of fact, evidence
of anomalous transport and diffusion is often indirect and
experimental setups allowing a direct and tunable study of
such phenomena are hardly available. A breakthrough in the
field was achieved in a recent experiment by means of an
engineered material where light rays were demonstrated to
perform a Lévy-walk type of diffusion �2�. This new class of
materials is built by packing glass microspheres with diam-
eters following a Lévy distribution and then filling the space
between the spheres with strongly scattering nanoparticles.
As light is not scattered within the microspheres, anomalous
diffusion arises as a consequence of the power-law distribu-
tion of their diameters. The results of the experiments were
indeed interpreted using a model of Lévy walks �3,4� for
photons and the new material was named Lévy glass. An
important feature of the experimental samples is that the
walk is correlated and the correlation is induced by the to-
pology of the quenched medium. Light that has just crossed
a large glass microsphere without being scattered has a high
probability of being backscattered at the subsequent step un-
dergoing a jump of similar size. Studies on models of Lévy
flights have evidenced that spatial correlations in jump prob-
abilities have a deep influence on the diffusion properties
�5–7�. Here, however, we consider Lévy walk models, where
particles either move ballistically or are scattered by impuri-
ties, and do not perform long-range instantaneous flights.
Recently, one-dimensional models for Lévy walks, where the
correlation is induced by an underlying quenched and corre-

lated random environment, have been studied. One-
dimensional models represent simplified systems and may
not compare quantitatively to real experiments. Nevertheless
they allow for an exact solution of the dynamics. The recent
studies focused, respectively, on the mean-square displace-
ment in a Lévy-Lorentz gas �8� and on the conductivity and
transmission through a chain of barriers with Lévy-
distributed spacings �9�. Interestingly, in simple random
walks, these different aspects are not independent and they
can be connected by assuming standard scaling relations for
the random-walk probabilities �10� and exploiting the anal-
ogy between the associated master equation and the Kirch-
hoff equations �11�. When an analogous scaling holds for
Lévy walks, then it can be applied to relate the scaling ex-
ponents of the return probability, the mean-square displace-
ment, and the effective resistance of the samples. Another
subtle point in random models is represented by the choice
of the starting site, as discussed in Ref. �8�, and it would be
interesting to have a direct control on this problem.

In this paper, we will present a new class of one-
dimensional models for correlated Lévy walks, which will
allow us to investigate in detail the scaling and the relation
between transmission and mean-square displacement, as well
as the dependence on the starting point through average and
local diffusion properties. More specifically, we will consider
diffusion across deterministic fractals, namely, generalized
Cantor and Cantor-Smith-Volterra sets �the latter being the
simplest examples of fat fractals�. The walker dynamics is
such that it performs a standard random-walk step on sites
belonging to the set, while moving ballistically �without
changing direction� otherwise. In the following, we will refer
to these two types of sites as “bidirectional” or “unidirec-
tional,” respectively. Lévy-type diffusion may thus arise as
the longer steps will be distributed according to the voids of
the Cantor set, much in the same spirit of the Lévy glass
experiment �2�.

The model can be mapped onto a random walk on a suit-
able directed graph and it allows to obtain analytical results
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by extending the usual scaling arguments. In particular, the
scaling of the resistivity with the length of the graph yields
the exponents for the asymptotics of the return probability
and the mean-square displacement. Interestingly, the system
undergoes a transition from superdiffusive to diffusive be-
havior as a function of the density of the fractal. A similar
transition has already been evidenced for Lévy flights in
presence of quenched noise �6� and also in the model of Ref.
�9�.

A subtle effect of quenched disorder is the dependence of
the observables on the choice of the walker starting site �8�.
An insight on this issue is clearly relevant for guiding ex-
perimental investigations. Due to the simple deterministic
topology, our model allows for a clear analysis of such issue.
In particular, the choice of a random starting point corre-
sponds to a measure of quantities averaged over all possible
starting sites. On inhomogeneous structures, such averages
can display a different asymptotic behavior �12� with respect
the corresponding local quantities, obtained by taking into
account a specific starting point. This is indeed the case for
generalized Cantor sets: scaling relations hold for local quan-
tities but are violated for average ones. In particular, in the
local case, the random walker shifts from a superdiffusive to
a diffusive motion, as a function of topological parameters
tuning the void density. In the average case, the behavior is
even richer: a change of the void density and size induces a
transition among three different regimes characterized by
ballistic, superdiffusive, and standard diffusive motions, re-
spectively. In this case, which appears to be the closest to the
experimental settings, adopting a method similar to Ref. �8�,
we give a rigorous bound on the mean-square displacement
and discuss the violation of scaling relations.

The paper is organized as follows. In Sec. II, we introduce
the topology and the dynamics of the model. In Sec. III, we
first review the scaling relations connecting random-walk
properties and the resistivity and derive the exact results for
the resistivity and for the local asymptotic behavior of the
walker itself. We also check, via the numerical solution of
the master equation, the scaling hypothesis for local quanti-
ties. In Sec IV, we turn to the average case and provide a
rigorous lower bound for the exponent of the mean-square
displacement as a function of the distribution of the voids.
We show under which condition the bound is fulfilled ex-
actly. Also in this case, we compare our analytical results to
the numerical solution of the master equation. Some con-
cluding remarks are given in Sec. V.

II. RANDOM WALKER ON GENERALIZED CANTOR
GRAPHS

A. Random walk across Cantor sets

The standard Cantor set is built by removing the middle
thirds of a linear chain and iterating the rule in every seg-
ment. The resulting set has zero measure, with fractal �Haus-
dorff� dimension df

�set�= log 2
log 3 . The procedure can be easily

generalized: let us denote by ns the number of parts in which
we split the segment �ns odd�. Removing parts in even posi-
tions and iterating the process, the measure of the remaining
set is still zero and its fractal dimension is

df
�set� =

log
ns + 1

2

log ns
. �1�

If one builds the Cantor set by growing the fractal, then in
this notation, nr=

ns+1
2 is the number of replicas of the gen-

eration G−1 in the generation G. The integer nr will be used
in the following to identify a given set. One can introduce
the discrete version of the above procedure, as in the upper
part of Fig. 1, where the dark sites represent the Cantor set
and the gray �fuchsia� sites have been removed and corre-
spond to voids.

Let us now introduce a random walker on such family of
Cantor set. The walker can reside on any site of the lattice. If
it is on the void regions, it moves ballistically without chang-
ing direction: when the random walker enters a void from
left �right�, it keeps going left �right� without being scattered
until it reaches the opposite edge of the void itself. If instead
the walker is on the sites belonging to the Cantor set, it
performs a standard random walk with 1/2 probability to
move right or left at the next step.

Denoting with Pij
��t� the probability that a walker started

at site i arrives at time t at site j, respectively, with positive
or negative velocity �i=1, . . . ,Ntot can be both a site of the
Cantor set or a void site, see upper part of Fig. 1�, then the
master equation of the corresponding process reads

Pij
+�t + 1� = Tj−1Pij−1

+ �t� + �1 − Tj−1�Pij−1
− �t� ,

Pij
−�t + 1� = �1 − Tj+1�Pij+1

+ �t� + Tj+1Pij+1
− �t� . �2�

The Cantor structure is therefore defined by the transmission
coefficients

Tj = �1/2, if j is on the Cantor set

1, on the voids.
� �3�

The above choice for Tj yields indeed a ballistic motion on
the voids and a random-walk behavior on the Cantor set. The
choice Tj =T is readily recognized to correspond to the stan-
dard persistent random walk �13�. In this respect, our model
can also be regarded as a random walk with a site-dependent
persistence �see, e.g., �14� and references therein�.

B. Cantor graphs from Cantor sets

Let us introduce an equivalent approach based on graph
theory. We associate to the Cantor set a directed Cantor

FIG. 1. �Color online� �Upper figure� The discrete Cantor set in
gray �fuchsia�; the sites which have been removed �voids�. �Lower
figure� The Cantor graph associated to the Cantor set at generation
G=3 where undirectional bubbles have been introduced to describe
ballistic motion in the voids. The site i=1 is the origin of the graph.
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graph, obtained by putting undirected links in every “solid”
segment and replacing the voids with bubbles of appropriate
length whose sites are connected by directed links �see Fig. 1
for an explicit construction�. Some examples of graphs at
different nr are shown in Fig. 2. In this framework, the model
consists of a random walk on such a directed graph. The
adjacency matrix Aij of the graph is defined as Aij =Aji=1 if
sites i and j are connected by an undirected link, Aij =1 if the
site i is connected to site j by a link directed from i to j and
0 otherwise. The outgoing coordination number zi=� jAij is 1
in the voids and 2 in the solid segments. The transition prob-
ability for the random walk is therefore pij =Aij /zi.

The structure of the voids in the Cantor graph strongly
influences the motion of the random walker, so let us now
introduce a further generalization. In the previous examples,
the lengths Lk of the unidirectional segments are Lk=ns

k, k
=1, . . . ,G−1, where G is the generation of the graph. How-
ever, we can choose an arbitrary nu �nu integer �2� so that
the length of the unidirectional segments becomes

Lk = nu
k, k = 1, . . . ,G − 1, �4�

as is shown in Fig. 3.
From Eq. �4�, we can compute Nb�G ,nr� and

Nu�G ,nr ,nu�, the number of bidirectional and unidirectional
sites, respectively �those plotted in black and fuchsia in Fig.
1�, in a graph of generation G,

Nb = 2nr
G �5�

Nu = � �nu − 1�nr
G − �nr − 1�nu

G

nr − nu
+ 1 if nu � nr

− nr
G + �nr − 1�Gnr

G−1 + 1 if nu = nr.
	 �6�

Accordingly, the total number of sites is Ntot�G ,nr ,ns� is

Ntot = � �2nr − nu − 1�nr
G − �nr − 1�nu

G

nr − nu
+ 1 if nu � nr

nr
G + �nr − 1�Gnr

G−1 + 1 if nu = nr.
	

�7�

From Eqs. �5�–�7�, it follows that the measure of both sets Nb
and Nu is strictly positive if nu�nr. This choice of the pa-
rameters corresponds to the so-called fat fractals. An ex-
ample of this kind of structure is the Smith-Volterra-Cantor
set. Conversely, we will name slim fractals the graphs with
nu�nr, where the measure of the solid segments is vanish-
ing.

It is important to notice that, even if the Cantor set has a
fractal dimension df

�set��1, Eq. �1�, the directed Cantor graph
has always a fractal dimension df =1. Indeed, since the voids
have been filled with one-dimensional bubbles, the number
of sites within a distance r from a given site grows as 
rdf,
with df =1.

III. DIFFUSION ON CANTOR GRAPHS: LOCAL
BEHAVIOR

A. Asymptotic properties of random walks, spectral
dimensions, and Einstein relations

On the directed Cantor graph, we can now define the stan-
dard random-walk quantities. Their asymptotic behaviors are
expected to be described by power laws, with characteristic
exponents, usually related only to the large-scale topology of
the structure �12�.

Let Pij�t� be the probability that a walker started at site i
arrives at j in t steps, Pij�t�= Pij

+�t�+ Pij
−�t�. In particular, Pii�t�

is the random-walk autocorrelation function, i.e., the return
probability to the starting point after t steps. At large times t,
it is expected that �15�

Pii�t� 
 t−ds/2, �8�

where ds often coincides with the spectral dimension, which
also rules the low eigenvalues region of the spectrum for the
discrete Laplacian on the graph �16�. In the case at hand,
being the graph directed, ds simply describes the asymptotic
behavior of the return probability, but we will refer to it as a
“generalized” spectral dimension as well �17–19�.

The mean-square displacement from the starting site i af-
ter t steps is

�xi
2� − �xi�2  ��

j

xij
2 Pij�t�� − ��

j

xijPij�t��2
, �9�

where xij is the distance between the sites i and j. If the
starting site corresponds to the origin of the Cantor graph
�i=1 in Fig. 1� and periodic boundary conditions are chosen,
as in all our numerical solutions, then �xi�=0 for symmetry
reasons. The exponent � defined by the asymptotic behavior

�xi
2� 
 t� �10�

classifies the diffusive properties of the random walker: �
=1 corresponds to usual diffusion, ��1 to superdiffusion,
and ��1 is typical of a subdiffusion. The value �=2 char-

FIG. 2. Three examples of Cantor graphs of generation 2 with
nr=2,3 ,4.

FIG. 3. The generation G=3 of the graph with nu=3,4 ,5 in the
nr=2 case.
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acterizes a ballistic motion where the random walker dis-
placement grows linearly with time.

It is well known that on regular structures, the dynamic
exponents ruling the return probability and the mean-square
displacement are not independent, i.e., for systems where
scaling holds �10�

� = ds/df . �11�

In the Appendix, we will show that such a relation still holds
under a generalized scaling hypothesis that takes into ac-
count the underlying fractal structure of the Cantor graph.
More precisely, we assume that Pij�t� depends on j only
through the distance xij r, between i and j, i.e., Pij�t�
 Pi�r , t� and that

Pi�r,t� = t−ds/2f i� r

��t�
,g�logx ��t��� , �12�

where ��t� is the correlation length of the system and g� · � is
a periodic function of a logarithm in arbitrary base x. The
master function f i can depend on the initial site. The scaling
factor t−ds/2 ensures consistency with the definition of the
return probability, Eq. �8�, as seen by setting j= i �r=0� in
Eq. �12�. Moreover, log-periodic oscillations are superim-
posed to the leading exponential behavior as it is expected on
fractals �20�. In the Appendix, we also show that, up to log-
periodic corrections, �xi

2�
�2�t� and that

��t� = tds/2df . �13�

In general, Pi�r , t� presents the above scaling form for large-
enough times. In our calculations, we verified that if the
walker starts from the origin of the structure, scaling is real-
ized in a few steps. A different choice can give rise to very
long transients where Pij�t� may also depend on the direction
and not only on the distance r alone. The net effect is a
nonvanishing drift �xi�t���0 for short times.

A simple analogy between the master equation of the ran-
dom walk and the Kirchhoff equations �11� allows to associ-
ate to each directed graph a network of resistors �see again
the Appendix�. In this framework, it is possible to compute
analytically the exponent � describing the growth of the re-
sistance � as a function of the distance r between contacts,
i.e., �
r�. Exploiting Eq. �12�, one can prove also the fol-
lowing Einstein relation:

� =
2df

ds
− df . �14�

For local quantities and exponents, we can thus use Eq. �14�
to calculate ds. We will verify it numerically, also testing the
validity of the scaling hypothesis.

B. Local spectral dimension

When scaling holds, the local spectral dimension can be
obtained using the scaling law of the resistance � and the
relation �14�. In the network of resistors associated to the
Cantor graph, every bidirectional link has resistance 1, while
for unidirectional links, a whole bubble has unit resistance
�see the Appendix�. The resistance between the extremes of

the structure of generation G can be evaluated using the re-
currence relation

��G,nr� = nr��G − 1,nr� + �nr − 1� .

Using the initial condition ��1,nr�=2nr−1, one has

��G,nr� = 2nr
G − 1. �15�

Expressing � as a function of the distance r between con-
tacts at generation G, in the G→	 asymptotic limit, we ob-
tain the exponent � and, via the scaling relation �14�, the
value of ds, ruling the return probability and the mean-square
displacement

ds =�
2

1 +
log nr

log nu

,
if nu � nr

2

2 −
log log r

log r

,
if nu = nr

1 if nu � nr

	 �16�

and �=ds, where we have used that df =1. Interestingly, the
system exhibits a transition from a superdiffusive to a nor-
mally diffusive regime at nu=nr. The random walker on the
slim Cantor graphs experiences a superdiffusive regime
while it presents a normal diffusion on fat structures, with
logarithmic corrections in the critical case nu=nr. Intuitively,
slim Cantor graphs mainly consist of long unidirectional
bubbles, which lead to a superdiffusive behavior, while in the
opposite case, the bubbles practically disappear and hence
one could expect a normal diffusion.

C. Numerical results: The master equation and generalized
scaling

For a simple and effective numerical study of the system,
we solved iteratively the master equation Eq. �2� with initial
condition Pij

��0�=
ij /2 and periodic boundary conditions.
We first tested the dynamical scaling of the probability den-
sity �12�, considering for g� · � a periodic function with unit
period in lognu

���t��, so that the log-periodicity takes into
account the self similarity of the underlying structure. It is
thus convenient to look at the data at constant g�lognu

��t��,
namely, as prescribed by Eqs. �13� and �16�, at successive
times

tk = t0�nunr�k. �17�

Figures 4 refers to a slim and a fat structure. For the former
case the scaling is reasonably accurate, although the conver-
gence to the asymptotic shape is not complete. Moreover the
two panels show that for different sequences of times satis-
fying relation �17� �i.e., different t0� the scaling function
changes, evidencing that the introduction of a generalized
scaling with a log-periodic term is necessary in this situation.
The scaling function also depends on the starting site i, while
the exponent are site independent. For the fat case, the curves
tend to be closer and closer to a Gaussian, confirming that
the diffusion is normal. Times have not to be chosen accord-
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ing to Eq. �17� since in this case log-periodic oscillations are
not present.

Figures 5 and 6 demonstrate that the probability of return
Pii�t� and the mean-square displacement behave asymptoti-
cally �up to log-periodic corrections� as prescribed by Eqs.
�8�, �10�, and �16� �df =1 for all Cantor graphs�. Indeed,
power-law fits of the curves give exponents 1.21, 1.13, and
1.03 which are in excellent agreement with the theoretical
values of ds, Eq. �16� �ds=1.2262, . . . ,1.115 77, . . . ,1, re-
spectively�.

IV. DIFFUSION ON CANTOR GRAPHS: AVERAGE
BEHAVIOR

The exponents characterizing the asymptotic behavior of
random walks are in general independent of the starting site
i even on inhomogeneous structures. However, due to inho-
mogeneity, averages over the starting points can result in
radically different asymptotic behaviors with respect to local
case �12�. It is thus necessary to introduce some further av-
eraging on the initial conditions. Let Sk �k integer� be a se-
quence of subgraphs �Sk�Sk+1� covering the infinite graph.
We define the average mean-square displacement

�x2� = lim
k→	

1

Nk
�
i�Sk

�xi
2� �18�

�Nk is the number of sites in Sk� and the average return prob-
ability
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FIG. 4. �Color online� Dynamical scaling of the probability for
initial site i=1. The sizes of the lattices correspond to generations
G=9,9 ,8, respectively.
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FIG. 6. �Color online� Growth of the mean-square displace-
ments for initial site i=1. Lattices of size N corresponding to G
=9,7 ,8, respectively.

LÉVY-TYPE DIFFUSION ON ONE-DIMENSIONAL … PHYSICAL REVIEW E 81, 011127 �2010�

011127-5



P�t� = lim
k→	

1

Nk
�
i�Sk

Pii�t� . �19�

Interestingly, due to the fact that the thermodynamic limit
does not commute with the large time limit, the average
quantities ��18� and �19�� can feature a different asymptotic
behavior with respect to their local counterparts. Therefore,
as done for the local case, Eqs. �8� and �10�, we introduce the

exponents d̄s and �̄ for the average quantities

P�t� 
 t−d̄s/2, �x2� 
 t�̄. �20�

On the Cantor graph, average exponents not only differ
from the local ones, but also they do not satisfy relations �11�
and �14�. Indeed, for average quantities, scaling is violated
and the topology of the graph influences diffusion in a highly
nontrivial way. Diffusion is ballistic on slim �nu�nr� Cantor
graphs, while on fat graphs, even if ds always equals 1, there
are two different scenarios

�̄ = �3 −
log nr

log nu
, if nu � nr � nu

2

1 if nu
2 � nr.

	 �21�

In both cases, we obtain a lower bound for the average mean-
square displacement and then we check numerically that this
lower bound is satisfied when nr�nu

2, obtaining the exponent
given in Eq. �21�.

In analogy with �8�, let us study the probability Pb�l� to
take a first ballistic step of length �l. We will show that, on
slim Cantor graphs, this probability approaches 1 when G
→	 for every l and the motion is therefore ballistic on av-
erage. On the other hand, on fat Cantor graphs, the limit is a
finite number going to 0 for l→	 with a characteristic power
law. Let us consider the unidirectional segments of length
greater than l: the “favorable” sites in a unidirectional seg-
ment of length Lk� l are Lk− l and we have to sum over k.
Recalling that the number of segments of length Lk=nu

k is
�nr−1�nr

G−1−k, we can write Pb�l� as

Pb�l� = lim
G→	

�
k=k0

G−1

�nu
k − 1 − l��nr − 1��nr�G−1−k

Ntot�G,ns,nu�
, �22�

where k0 is an integer chosen such that nu
k0 � l, i.e., k0

ª � log�l�
log nu

� �reminding that �x�ªmin�n�Z �n�x� is the ceiling
function� and Ntot�G ,nr ,nu� is the total number of sites in the
graph of generation G, given in Eq. �7�. The series in the
numerator of �22� can be summed and we obtain

Pb�l� = lim
G→	

1

Ntot
� nr − 1

nu − nr
nu

G + � nr − 1

nr − nu
�nu

nr
�k0

− �1 + l�nr
−k0�nr

G + �1 + l�� .

Therefore, we have two exponential terms with different
bases: the leading term for G→	 will then be different de-
pending on nr and nu.

If nu�nr �i.e., on a slim Cantor graph�, considering the
asymptotic behavior of Ntot�G ,nr ,nu� in Eq. �7�, one obtains

Pb�l� = lim
G→	

− nu
G�nr − 1� + o�nu

G�
− nu

G�nr − 1� + o�nu
G�

= 1.

Thus, the probability of going through a ballistic step of
length �l is 1 for every l and the walker behaves ballistically
on average.

Let us now consider the same limit in the case nu�nr.
Omitting the ceiling function in k0 �it can be done with a
suitably chosen l�, we have

Pb�l� 
 � nr

nu
�−k0

= l1−log nr/log nu. �23�

In order to estimate the average mean-square displace-
ment in the fat case, let us introduce the average probability

of being at distance r after t steps as P̄�r , t�. It is convenient
to split it in two parts writing

P̄�r,t� = P̄��r,t;r � t� +
Pb�t�

2
�
�r − t� + 
�r + t�� , �24�

where Pb is the average probability of performing t consecu-

tive ballistic steps and P̄��r , t ;r� t� is the average probability
of arriving in t step at r after some scatterings. Equation �24�
provides a lower bound for the mean-square displacement

�x2� = �
0

	

drr2P̄�r,t� � �
0

	

drr2 Pb�t�
2

�
�r − t� + 
�r + t��


 t3−log nr/log nu, �25�

where we used expressions �23� for Pb�t�. For 1�
log nr

log nu
�2,

the inequality �25� proves that the system is superdiffusive
and �x2�
 t3−log nr/log nu is expected to be the correct
asymptotic behavior of the average mean-square displace-
ment. In Fig. 7, we compare our analytical prediction to nu-
merical data, showing an excellent agreement �21�. For
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FIG. 7. �Color online� Average mean-square displacement, as
defined in Eq. �18�, for the fat fractals with nr=4, nu=3 and nr=5,
nu=2. Solid and dashed lines are the superdiffusive, Eq. �25�, and
diffusive behaviors expected in the two structures, respectively.
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log nr

log nu
�2, inequality �25� is trivial and a normal diffusion is

expected since the ballistic stretch does not provide a signifi-
cant contribution to �x2�. The presence of normal diffusion in
this case is also evidenced in Fig. 7.

Figure 8 shows that, in the fat case, there are actually two

different contributions to P̄�r , t�: a ballistic peak lowering
with t and a central peak which scales as in normal diffusion.
This behavior clearly breaks the scaling hypothesis �12� and
relations �11� and �14� between exponents do not hold. In-

deed, for log�nr� / log�nu��2, �̄=3−
log nr

log nu
, while d̄s=1 and

�̄=1.

V. CONCLUSIONS

The recent experiments on light scattering in disordered
materials open the way to direct and tunable measurements
on systems performing Lévy walks. The quenched disorder
in the experimental samples has been engineered in order to
obtain a specific effects and the geometry induces a correla-
tion in Lévy walks. In this paper, we take a first step in
understanding the influence of geometry in these disordered
samples by studying a one-dimensional structure obtained
from the generalization of Cantor and Cantor-Smith-Volterra
sets, where a random walker performs steps that are both
Lévy distributed and correlated. Although the applicability of
such idealized one-dimensional models to real experiments is
not granted, much theoretical insight can be obtained from
their solution. Using an exact mapping to an equivalent di-
rected graph for the process, we determine the asymptotic
behavior for the return probability and the mean-square dis-
placement and study the validity of the Einstein relations in
the local and average case.

From our results, it appears that the average case is the
closest to the real experimental setting �2� and further analy-
sis in higher dimensions are currently under consideration.
An important point is that experimental samples do contain a
certain degree of disorder, which must be taken into account
in order to understand to what extent it can affect diffusion
properties.
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APPENDIX

In this appendix, we show that the Einstein relation Eq.
�14� between different exponents is a direct consequence of
the generalized scaling hypothesis, Eq. �12�. Since Pij�t� is a
probability, its sum over all sites n is normalized to one at
every time t. Moreover, in the scaling hypothesis, all the
spatial dependences are encoded by the distance xij r,
therefore such a sum can be evaluated by introducing an
integral in Krdf−1dr, where df is the fractal dimension and K
is a suitable constant, obtaining

t−ds/2� f i� r

��t�
,g�logx ��t���Krdf−1dr = 1. �A1�

Changing the integration variable to r /��t�, we have

t−ds/2�df�t�G�t� = 1, �A2�

where G�t� is a log-periodic function. Equation �A2� is sat-
isfied if G�t�=1 and if Eq. �13� holds.

To derive Eq. �11�, let us consider the mean-square dis-
placement

�xi
2�t�� = t−ds/2� r2f i� r

��t�
,g�logx ��t���Krdf−1dr �A3�

Upon choosing again the new integration variable r /��t�, we
have

�xi
2� = �2�t�G1�t� = tds/dfG1�t� , �A4�

where G1�t� is a log-periodic function.
Let us finally consider the equation for the electric poten-

tial Vi on a network of unitary resistors where a unitary cur-
rent flows from site 0 to site n and we have

− �
j

LjiVj = 
i0 − 
in, �A5�

where Lij =zi
ij −Aij is the Laplacian matrix. Notice that ac-
cording to Eq. �A5�, in a directed Cantor graph, the inner
links of a bubble are short circuit and a whole bubble has
resistance one. In the framework of random walks on di-
rected Cantor graph, the master equation �2� can be recasted
as

P0i�t + 1� − P0i�t� = − �
j

LjiP0j�t�/zj + 
i0
t0. �A6�

Denoting with P̃0i��� the Fourier transform of P0i�t�, we get

P̃0i����ei� − 1� = − �
j

LjiP̃0j���/zj + 
i0 �A7�

comparing Eqs. �A5� and �A7�
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Vi =
1

zi
lim
�→0

�P̃0i��� − P̃ni���� . �A8�

The potential difference between sites 0 and n as a function
of their distance r can be, hence, obtained introducing in

lim�→0 P̃0n��� the scaling relation Eq. �12�

V�r� 
 lim
�→0

� dt ei�tt−ds/2f i� r

��t�
,g�logx ��t��� . �A9�

Changing the variable of integration into t�=�t, we get

V�r� 
 r2df/ds−df lim
�→0

G3� r

�̃���
,g�logx �̃����� ,

�A10�

where G3 is a suitable function and �̃���=�−ds/�2df� is the
correlation length in terms of the frequency �. Therefore,
Eq. �14� holds.
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